Abstract. We associate to a CAT(0)-space a flow space that can be used as the replacement for the geodesic flow on the sphere tangent bundle of a Riemannian manifold. We use this flow space to prove that CAT(0)-group are transfer reducible over the family of virtually cyclic groups. This result is an important ingredient in our proof of the Farrell-Jones Conjecture for these groups.
Introduction
In [1] we introduced the concept of transfer reducible groups with respect to a family of subgroups. This definition is somewhat technical and recalled as Definition 0.4 below. We showed that groups that are transfer reducible over the family of virtually cyclic subgroups satisfy the Farrell-Jones Conjecture with coefficients in an additive category. For further explanations about the Farrell-Jones Conjecture we refer for instance to [1, 3, 8] , where more information about the applications, history, literature and status is given.
By a CAT(0)-group we mean a group G that admits a cocompact proper action by isometries on a finite dimensional CAT(0)-space. The following is our main result in this paper and has already been used in [1] .
Main Theorem. Every CAT(0)-group is transfer reducible over the family of virtually cyclic subgroups.
A similar result for hyperbolic groups has been proven in [1, Proposition 2.1] using the technical paper [2] , where an important input is the flow space for hyperbolic groups due to Mineyev [9] . The methods for hyperbolic groups cannot be transferred directly to CAT(0)-groups, but the general program is the same and carried out in this paper.
An important step in the proof of the theorem above is the construction of a flow space FS (X) associated to CAT(0)-spaces X, which is a replacement for the geodesic flow on the sphere tangent bundle of a Riemannian manifold of nonpositive curvature. In particular, the dynamic of the flow on FS (X) is similar to the geodesic flow. As in the hyperbolic case, the flow space FS (X) is not a bundle over X.
In Section 1 we assign to any metric space X its flow space FS (X) (see Definition 1.2). Elements in FS (X) are generalized geodesics, i.e., continuous maps c : R → X such that either c is constant or there exists c − , c + ∈ R = R ∐ {−∞, ∞} with c − < c + such that c is locally constant outside the interval (c − , c + ) and its restriction to (c − , c + ) is an isometric embedding. The flow on FS (X) is given by Φ τ (c)(t) := c(t + τ ). The topology on FS (X) is the topology of uniform convergence on compact subsets; this is also the topology associated to a natural metric on FS (X). Many properties of X can be transported to FS (X). For example, if a group G acts by isometries on X, then there is an induced isometric action on FS (X). If the action on X is cocompact, then the induced action is also cocompact.
In Sections 2, 4 and 3 we study properties of FS (X) under the assumption that X is a CAT(0)-space. The main observation in Section 2 is that the endpoint evaluation maps c → c(±∞) from FS (X) to the bordification of X of X are continuous on the complement of the subspace FS (X) R of constant generalized geodesics. These are used in Proposition 2.6 to give coordinates on FS (X) − FS (X) R and allow a detailed study of the topology of FS (X) − FS (X) R . We also discuss in Subsection 2.5 the case where X is a non-positively curved manifold. In Section 3 we prove our main flow estimates for FS (X). These are crucial for our main result and differ from the corresponding estimates in the hyperbolic case. In the hyperbolic case the flow acts contracting on geodesics that determine the same point at infinity. This is not true in the CAT(0)-situation, for instance on flats the flow acts as an isometry. This problem is overcome by using a variant of the focal transfer (formulated as a homotopy action) from [7] . In Section 4 we assume that G acts properly and by isometries on X and study the periodic orbits of FS (X) with respect to the induced action. In Theorem 4.2 we construct certain open covers for the subspace FS (X) ≤γ of FS (X) consisting of all geodesics of period ≤ γ. The dimension of this cover is uniformly bounded and the cover is long in the sense that for every c ∈ FS (X) ≤γ there is a member U of this cover that contains Φ [−γ,γ] (c). (In fact, U will contain even Φ R (c).) This result is much harder than the corresponding result in the hyperbolic case, because in the CAT(0)-case the periodic orbits are no longer discrete, but appear in continuous families.
Section 5 contains the final preparation for the proof of our main theorem. We show in Proposition 5.11 that the existence of a suitable flow space for a group G implies that G is transfer reducible over a given family. This result depends very much on the long thin covers for flow spaces from [2] .
In Section 6 we put our previous results together and prove our main theorem. It is only here that we assume that the action of G on the CAT(0)-space X is cocompact. All previous results are formulated without this assumption. This forces for example the appearance of a compact set K in Theorem 4.2 and in Definition 5.5. There are of course prominent groups, for instance SL n (Z), that are naturally equipped with an isometric proper action on a CAT(0)-space, where the action is not cocompact. We hope that the level of generality in Sections 1 to 5 will be useful to prove the Farrell-Jones Conjecture for some of these groups.
Conventions. Let H be a (discrete) group that acts on a space Z. We will say that the action is proper, if for any x ∈ X there is an open neighborhood U such that {h ∈ H | h · U ∩ U = ∅} is finite. If Z is locally compact, this is equivalent to the condition that for any compact subset K ⊂ Z the set {h ∈ H | h · K ∩ K = ∅} is finite.
We will say that the action is cocompact if the quotient space H\Z is compact. If Z is locally compact, this is equivalent to the existence of a compact subset L ⊆ Z such that G · L = Z.
Let X be a topological space. Let U be an open covering. Its dimension dim(U) ∈ {0, 1, 2, . . .} ∐{∞} is the infimum over all integers d ≥ 0 such that for any collection U 0 , U 1 , . . . , U d+1 of pairwise distinct elements in U the intersection We abbreviate B ε (z) = B ε ({z}) and B ε (z) = B ε ({z}). A metric space Z is called proper if for every R > 0 and every point z ∈ Z the closed ball B R (z) of radius R around z is compact. A map is called proper if the preimage of any compact subset is again compact.
A family of subgroups of a group G is a set of subgroups closed under conjugation and taking subgroups. Denote by VCyc the family of virtually cyclic subgroups.
Homotopy actions and S-long covers. Next we explain the notion of transfer reducible. In [1] we introduced the following definitions in order to formulate conditions on groups that imply that a group satisfies the Farrell-Jones conjecture in K-and L-theory.
Definition 0.1 (Homotopy S-action). Let S be a finite subset of a group G. Assume that S contains the trivial element e ∈ G. Let X be a space.
(i) A homotopy S-action (ϕ, H) on X consists of continuous maps ϕ g : X → X for g ∈ S and homotopies H g,h :
and H g,h (−, 1) = ϕ gh holds for g, h ∈ S with gh ∈ S. Moreover, we require that H e,e (−, t) = ϕ e = id X for all t ∈ [0, 1]; (ii) Let (ϕ, H) be a homotopy S-action on X. For g ∈ S let F g (ϕ, H) be the set of all maps X → X of the form x → H r,s (x, t) where t ∈ [0, 1] and r, s ∈ S with rs = g; (iii) Let (ϕ, H) be a homotopy S-action on X. For (g, x) ∈ G × X and n ∈ N, let S n ϕ,H (g, x) be the subset of G × X consisting of all (h, y) with the following property: There are x 0 , . . . , x n ∈ X, a 1 , b 1 , . . . , a n , b n ∈ S,
n b n ; (iv) Let (ϕ, H) be a homotopy S-action on X and U be an open cover of G×X.
We say that U is S-long with respect to (ϕ, H) if for every (g,
where |S| is the cardinality of S.
Definition 0.2 (N -dominated space). Let X be a metric space and N ∈ N. We say that X is controlled N -dominated if for every ε > 0 there is a finite CWcomplex K of dimension at most N , maps i : X → K, p : K → X and a homotopy H : X × [0, 1] → X between p • i and id X such that for every x ∈ X the diameter of {H(x, t) | t ∈ [0, 1]} is at most ε.
An open F -cover of Y is a collection U of open F -subsets of Y such that the following conditions are satisfied:
Definition 0.4 (Transfer reducible). Let G be a group and F be a family of subgroups. We will say that G is transfer reducible over F if there is a number N with the following property:
For every finite subset S of G there are • a contractible compact controlled N -dominated metric space X;
• a homotopy S-action (ϕ, H) on X;
• a cover U of G × X by open sets, such that the following holds for the G-action on G × X given by g · (h, x) = (gh, x):
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A flow space associated to a metric space
Summary. In this section we introduce the flow space FS (X) for arbitrary metric spaces. We show that FS (X) is a proper metric space if X is a proper metric space (see Proposition 1.9). If X comes with a proper cocompact isometric G-action, then FS (X) inherits a proper cocompact isometric G-action (see Proposition 1.11).
Definition 1.1. Let X be a metric space. A continuous map c : R → X is called a generalized geodesic if there are c − , c + ∈ R := R {−∞, ∞} satisfying
such that c is locally constant on the complement of the interval I c := (c − , c + ) and restricts to an isometry on I c .
The numbers c − and c + are uniquely determined by c, provided that c is not constant. Definition 1.2. Let (X, d X ) be a metric space. Let FS = FS (X) be the set of all generalized geodesics in X. We define a metric on FS (X) by
Define a flow Φ :
by Φ τ (c)(t) = c(t + τ ) for τ ∈ R, c ∈ FS (X) and t ∈ R.
The integral
) by the triangle inequality. Obviously Φ τ (c) is a generalized geodesic with
where −∞ − τ := −∞ and ∞ − τ := ∞.
We note that any isometry (
In particular, the isometry group of (X, d X ) acts canonically on FS (X). Moreover, this action commutes with the flow.
For a general metric space X all generalized geodesics may be constant. Later we will consider the case where X is a CAT(0)-space, but in the remainder of this section we will consider properties of FS (X) that do not depend on the CAT(0)-condition. Lemma 1.3. Let (X, d X ) be a metric space. The map Φ is a continuous flow and we have for c, d ∈ FS (X) and τ, σ ∈ R
Proof. Obviously Φ τ • Φ σ = Φ τ +σ for τ, σ ∈ R and Φ 0 = id FS (X) . The main task is to show that Φ :
We estimate for c ∈ FS (X) and τ ∈ R
The two inequalities above together with the triangle inequality imply for c, d ∈ FS (X) and τ, σ ∈ R
This implies that Φ is continuous at (c, τ ).
The following lemma relates distance in X to distance in FS (X).
In particular, c → c(t 0 ) defines a uniform continuous map FS (X) → X.
Proof. We abbreviate D := d X (c(t 0 ), d(t 0 )). Since c and d are generalized geodesics, we conclude using the triangle inequality for t ∈ R
This implies
, assertion (i) follows. It remains to prove assertion (ii).
Consider the function f (x) = e −x + x − 1 −
Hence we have
are continuous.
Proof. By an obvious symmetry it suffices to consider the second map. Let c ∈ F S(X) − FS (X) R . Let α 0 ∈ R with α 0 < c + . We will first show that there is ε 0 such that 
sequence in FS (X). Then it converges uniformly on compact subsets to c ∈ FS (X) if and only if it converges to c with respect to d FS (X) .
Proof. From Lemma 1.4 (ii) we conclude that convergence with respect to d FS (X) implies uniform convergence on compact subsets. Let (c n ) n∈N be a sequence in FS (X) that converges uniformly on compact subsets to c ∈ FS (X). Let ε > 0. Pick α ≥ 1 such that
This shows c n → c with respect to d FS , because ε was arbitrary. Proof. Let (c n ) n∈N be a sequence of generalized geodesics that converges uniformly on compact subsets to f : R → X. We have to show that f is a generalized geodesic. By passing to a subsequence we can assume that either c n ∈ FS R for all n, or c n ∈ FS R for all n. In the first case f ∈ FS R . Thus it remains to treat the second case. In this case we have well-defined sequences (c n ) − and (c n ) + . After passing to a further subsequence we can assume that these sequences converge in
We will show that f is a generalized geodesic with
Because ε is arbitrary, we conclude f (s) = f (t). If α + < ∞, then a similar argument shows that f (s) = f (t) for all s, t ≥ α + . If α − = α + , then f ∈ FS (X) R and we are done. It remains to treat the case α − < α + . We have to show that
This implies d X (f (s), f (t)) = t − s, because ε was arbitrarily small.
Proof. Let R > 0 and c ∈ FS (X). It suffices to show that the closed ball B R (c) in FS (X) is sequentially compact since any metric space satisfies the second countability axiom. Let (c n ) n ∈ N be a sequence in B R (c). By Lemma 1.4 (i) there is Proof. The map is uniformly continuous by Lemma 1.4 (ii) . To show that is is also proper, it suffices by Proposition 1.9 to show that preimages of closed balls have Proof. The action of G on FS (X) is isometric. The map FS (X) → X defined by c → c(0) is G-equivariant, continuous and proper by Lemma 1.10. The existence of such a map implies that the G-action on FS (X) is also proper. This also implies that the action of G on FS (X) is cocompact, provided that the action on X is cocompact.
Proof. Note that FS (X)
R is the space of constant generalized geodesics. Let
We denote by
R the subspace of finite geodesics.
Proof. Observe that for c ∈ FS (X) and T, T
Recall from Proposition 1.7 that the topology on FS (X) is the topology of uniform convergence on compact subsets. Let c n → c uniformly on compact subsets, and
This implies the claim for τ = 0.
Next consider the case τ ∈ (0, 1]. Let ε > 0. There is n 0 = n 0 (ε) ∈ N such that
This implies the claim in the second case because ε was arbitrary.
The flow space associated to a CAT(0)-space
Summary. In this section we study FS (X) further in the case where X is a CAT(0)-space. Let X be the bordification of X. We construct an injective continuous map from 
This is used to show that FS (X)−FS (X)
R has finite dimension if X has (see Proposition 2.9), and that FS (X) − FS (X) R is locally connected (see Proposition 2.10). We will relate our construction to the geodesic flow on the sphere tangent bundle of a simply connected Riemannian manifold with non-positive sectional curvature in Subsection 2.5.
For the definition of a CAT(0)-space we refer to [4, II.1.1 on p. 158], namely to be a geodesic space all of whose geodesic triangles satisfy the CAT(0)-inequality. We will follow the notation and the description of the bordification X = X ∪ ∂X of a CAT(0)-space X given in [4, Chapter II.8] . The definition of the topology of this bordification is briefly reviewed in Remark 2.3. In this section we will use the following convention.
Convention 2.1. Let
• X be a complete CAT(0)-space;
2.1. Evaluation of generalized geodesics at infinity. Definition 2.2. For c ∈ FS (X) we set c(±∞) := lim t→±∞ c(t), where the limit is taken in X.
Since X is by assumption a CAT(0)-space, we can find for x − ∈ X and x + ∈ X a generalized geodesic c : R → X with c(±∞) = x ± (see [ 
The proof of this Lemma depends on the following result.
Proof. In [4, II.8.3 on p.261] this is proven under the additional assumptions that c is a geodesic ray and that d X (x, x ′ ) = a. But the proof given in [4] can be adapted as follows to give our more general result.
The argument given in [4] can be applied without change to show that there is
.) It remains to treat the case where t ≥ T , t ′ ≥ 0 and
and there is nothing to show. Thus we can assume t ≤ c + . Set
Proof of Lemma 2.4 . By an obvious symmetry it suffices to consider the second map. Let c ∈ FS (X) − FS (X) R . Set s 0 := max{0, c − } + 1 and
is a generalized geodesic ray starting at x 0 . We need to show that the map
Let ε > 0 be given. By Lemma 1.6 there is δ 0 such that
In particular, we obtain for any such generalized geodesic ray d a generalized geodesic ray d by putting
Because ε was arbitrary this implies that f r is continuous at c.
Embeddings of the flow space. Proposition 2.6. If X is proper as a metric space, then the map
E : FS (X) − FS (X) R → R×X×X×X×R defined by E(c) := (c − , c(−∞), c(0), c(∞), c + ) is
injective and continuous. It is a homeomorphism onto its image.
Proof. Lemmas 1.4 (ii), 1.6 and 2.4 imply that E is continuous. 
then there is such a t: if one of c − and c + is real (not ±∞), then it can be used, otherwise t = 0 works.
It remains to show that the inverse
We have to show that c n → c as n → ∞. We proceed by contradiction and assume this fails. Then there is a subsequence c n k and ρ > 0 such that d FS (c, c n k ) > ρ for all k. We can pass to this subsequence and assume d FS (c, c n ) > ρ for all n. We have c n (0) → c(0) as n → ∞. The evaluation at t = 0 is a proper map FS (X) → X by Lemma 1.10. Thus we can pass to a further subsequence and assume that c n → d as n → ∞ with d ∈ FS (X).
We
. By symmetry we may assume c(−∞) = c(0). We consider now two different cases. First case: c − = −∞. Then c − ∈ R and we can consider the evaluation at c − .
for sufficiently large n. Using Lemma 1.10 we conclude
R . This finishes the proof of the claim.
R we can apply E to d and deduce E(d) = E(c) from continuity of E. Thus c = d because E is injective. This contradicts d FS (c, c n ) > ρ for all n and finishes the proof.
Recall that FS (X) f is the subspace of finite geodesics, see Notation 1.13.
Proposition 2.7. Assume that X is proper as a metric space. Then the map
In particular, FS (X) f − FS (X) R is locally path connected. 
Thus c n (t 0 ) → x − as n → ∞. Using Lemma 1.10 we deduce that (c n ) n∈N has a convergent subsequence in FS (X), that we will again denote by c n . So now c n → c in FS (X) for some c ∈ FS (X). We will show next that c ∈ FS
Thus c n (t 1 ) → x + as n → ∞. From Lemma 1.10 we conclude By the existence of geodesics the image of E f is locally path connected. Hence
R is locally path connected.
2.3.
Covering dimension of the flow space. We will need the following elementary fact. 
Lemma 2.8. If X is proper as a metric space and its covering dimension
Because X is compact a finite number of the sets ρ
Therefore we can refine U to a finite cover V, such that there is r and a finite cover W of B r (x 0 ) such that
The result follows because B r (x 0 ) is closed in X and thus dim B r (x 0 ) ≤ dim X.
Proposition 2.9. Assume that X is proper and that
Proof. The image of any compact subset under a continuous map is compact and a bijective continuous map with a compact subset as source and Hausdorff space as target is a homeomorphism. Hence every compact subset
R is homeomorphic to a compact subset of R×X×X×X×R by Proposition 2.6 and hence its topological dimension satisfies because of Lemma 2.8 Since FS (X) is a proper metric space by Lemma 1.9, it is locally compact and can be written as the countable union of compact subspaces and hence contains a countable dense subset. This implies that FS (X) has a countable basis for its topology. Since
R is an open subset of FS (X), the topological space FS (X) − FS (X) R is locally compact and has a countable basis for its topology. Now dim FS (X) − FS (X) R ≤ 3N + 2 follows from [10, Exercise 9 in Chapter 7.9 on page 315]. 
2.4.
R . By Proposition 2.7 we can find a path-connected neighborhood
R is semi-locally path connected. Define maps
Then α and β are to another inverse homeomorphisms. They are compatible with the flow on FS (M ) of Definition 1.2, if one uses on ST M × (a i , a + ) ∈ R × R | a − < a + the product flow given by the geodesic flow on STM and the flow on R which is at time t given by the homeomorphism R → R sending s ∈ R to s − t, −∞ to −∞, and ∞ to ∞.
Dynamic properties of the flow space
Summary. In Definition 3.2 introduce the homotopy action that we will use to show that CAT(0)-groups are transfer reducible over VCyc. It will act on a large ball in X. (The action of G on the bordification X is not suitable, because it has to large isotropy groups.) In Propositions 3.5 and 3.8 we study the dynamics of the flow with respect to the homotopy action. In the language of Section 5 this shows that FS (X) admits contracting transfers.
Throughout this section we fix the following convention.
Convention 3.1. Let
space which is proper as a metric space;
• x 0 ∈ X be a fixed base point;
• G be a group with a proper isometric action on (X, d X ).
For x, y ∈ X and t ∈ [0, 1] we will denote by t·x+(1−t)·y the unique point z on the geodesic from x to y such that 3.1. The homotopy action on B R (x). Recall that for r > 0 and z ∈ X we denote by ρ r,z : X → B r (z) the canonical projection along geodesics, i.e., ρ r,z (x) = c z,x (r), see also Remark 2.3. Note that g · ρ r,z (x) = ρ r,gz (gx) for x, z ∈ X and g ∈ G.
Definition 3.2 (The homotopy S-action on B R (x 0 )). Let S ⊆ G be a finite subset of G with e ∈ G and R > 0. Define a homotopy S-action (ϕ R , H R ) on B R (x) in the sense of Definition 0.1 (i) as follows. For g ∈ S, we define the map
For g, h ∈ S with gh ∈ S we define the homotopy
, and
. It turns out that the more obvious homotopy given by convex combination (
is not appropriate for our purposes. The map ι is G-equivariant for the action an G×X defined by g · (h, x) = (gh, x). 
The proof requires some preparation.
(ii) c x1,ρr,x 1 (x) (t) = c x1,x (t) and c x2,ρr,x 2 (x) (t + τ ) = c x2, x 1 ) , then c x1,x (t) = x = c x2,x (t + τ ) and the assertion follows in this case. Hence we can assume 0 < t < d X (x, x 1 ) . A straight forward computation shows that 0
. Applying the CAT(0)-condition to the triangle ∆ x,x1,x2 we deduce that
Combining this with
′ + β + L we obtain the asserted inequality.
(ii) We have t ≤ T + r ′ = 2r ′ + r ′′ = r − β and t ≥ T − r ′ = r ′′ > β. Thus t, t+τ ∈ [0, r]. Thus c x1,ρr,x 1 (x) (t) = c x1,x (t) and c x2,ρr,x 2 (x) (t+τ ) = c x2,x (t+τ ).
Proof of Proposition 3.5. Let
Set r := 2r ′ + r ′′ + β and T := r ′ + r ′′ . Let
Using Lemma 3.6 we conclude that for all t ∈ [−r ′ , r ′ ]
Proof. This follows from Lemma 1.3.
Proposition 3.8. Let S be a finite subset of G (containing e). Then there is β > 0 such that the following holds:
For all δ > 0 there are T, R > 0 such that for every (a,
Proof. Pick β such that
for c 0 , c 1 ∈ FS (X). By Proposition 3.5 there are T, R > 0 such that for x,
because ι and Φ are G-equivariant and d FS is G-invariant. Thus it suffices to consider the case a = e. Then there are t ∈ [0, 1] and g, h ∈ S such that s = gh and
Orbits with bounded G-period
Summary. Let FS (X) ≤γ be the part of FS (X) that contains of in some sense periodic orbits, namely, those generalized geodesics for which there exists for every ǫ > 0 an element τ ∈ (0, γ + ǫ] and g ∈ G such that g · c = Φ τ (c) holds (see (5.4)). Our main result here is Theorem 4.2 that asserts that there is a cover of uniformly bounded dimension for FS (X) ≤γ that is long in the direction of the flow. To this end we study hyperbolic elements in G and their axis. These come in parallel families (called FS a below) that project to convex subspaces of X. We construct the desired cover first for the FS a by considering the quotient Y a of FS a by the flow. One difficulty here is that the group G a that naturally acts on Y a , does so with infinite isotropy. The isotropy groups here are virtually cyclic and this forces the appearance of the family VCyc in Theorem 4.2 and in our main result.
space which is proper as a metric space and has finite covering dimension; • G be a group with a proper isometric action on
The following is the main result of this section. 
Hyperbolic isometries of spaces.
We recall some basic facts about isometries of a CAT(0)-space from [4, Chapter II.6]. Let γ : X → X be an isometry. The displacement function of γ is defined by
The translation length of γ is defined by
Define a subspace of X by
We call γ elliptic if γ has a fixed point and hyperbolic if the displacement function d γ attains a strictly positive minimum, or, equivalently, l(γ) > 0 and Min(γ) = ∅. We emphasize that an axis for a hyperbolic element γ is a (parametrized) geodesic c : R → X and not only c(R). So two hyperbolic elements γ 1 and γ 2 have a common axis if there exists a geodesic c : R → X such that γ 1 · c(t) = c(t + l(γ 1 )) and γ 2 · c(t) = c(t + l(γ 2 )) holds for all t ∈ R. We denote by l(g) the translation length of the isometry X → X given by multiplication with g ∈ G. We will say that g is hyperbolic if this isometry is hyperbolic. 
Then G Φ R (c) is virtually cyclic of type I and G c(R) is virtually cyclic.
Proof. The group G c(R) acts properly and isometrically on R since c(R) is isometric to R. The isometry group of R fits into the exact sequence 1
, where i sends a real number r to the isometry t → t + r and p sends an isometry to 1 if it is strictly monotone increasing and to −1 otherwise. Since G c(R) acts properly on R, the obvious homomorphism G → Isom(R) has a finite kernel and its image is a discrete subgroup of Isom(R). This implies that G c(R) is virtually cyclic.
Since the action of G Φ R (c) on c is by translations, the same argument shows that G Φ R (c) is virtually cyclic of type I. (i) Let G hyp ≤γ ⊆ G be the set of all hyperbolic g ∈ G of translation length l(g) ≤ γ such that some axis c for g intersects G · K.
Consider the equivalence relation ∼ on G 
(iv).) Put
The conjugation action of G on G restricts to an action on G hyp ≤γ and descends to an action of G on A ≤γ , see Lemma 4.3 (i). For a ∈ A ≤γ we set
denote the subspace of FS (X) that consists of all geodesics c : R → X, that are an axis for some g ∈ a and intersect G · K. We remark that c ∈ FS (X) is an axis for g if and only if Φ τ (c) = gc for some τ > 0 and in this case τ = l(g), see Lemma 4.3 (iii). Define
We denote by Y a := FS a /Φ the quotient of FS a by the action of the flow Φ. Let
be the canonical projection. The action of G on FS (X) restricts to an action of G a on FS a . Because p a is G a -equivariant and because the flow Φ commutes with the G-action on FS (X) we obtain an action of G a on Y a and q a is G a -equivariant for this action.
Lemma 4.6. Let (Z, d Z ) be a proper metric space with a proper isometric action of a group H. If (z n ) n∈N and (h n ) n∈N are sequences in Z and H such that z n → z and h n z n → z ′ converge in Z, then {h n | n ∈ N} is finite and for every h ∈ H such that h n = h for infinitely many n we have hz = z ′ .
Proof.
−1 h n | n ≥ n 0 } is finite, because the action is proper. Therefore {h n | n ∈ N} is finite. If h n = h for infinitely many n ∈ N, then hz = lim n→∞ hz n = lim n→∞ h n z n = z ′ .
Corollary 4.7. Let (Z, d Z ) be a proper metric space with a proper isometric action of a group
Proof. Let h n z n → z with h n ∈ H and z n ∈ L. After passing to a subsequence we have z n → z ′ . Lemma 4.6 implies that we can pass to a further subsequence for
Proof. Set K γ := B γ (K). This is compact because K is compact and X is proper as a metric space. For a ∈ A ≤γ , c ∈ FS a there are g ∈ a, t ∈ [0, γ] such that c(s + t) = gc(s) for all s ∈ R. Because c intersects G · K, this implies that there is Proof. There are g n ∈ G, t n ∈ [0, γ] such that g n c n = Φ tn (c n ). We can pass to a subsequence and assume that t n → t 0 . Then g n c n = Φ tn (c n ) → Φ t0 (c) (using Lemma 1.3). Since FS (X) is proper and G acts properly on FS (X) (see Propositions 1.9 and 1.11) we can apply Lemma 4.6 and assume after passing to a further subsequence that g n = g is constant. Then gc = lim g n c n = lim Φ tn c n = Φ t0 (c). It remains to show that c intersects G · K.
For each n there is s n in R such that c n (s n ) ∈ G · K. Since g n c n (s) = c n (s + t n ) and t n ∈ [0, γ], we can arrange s n ∈ [0, γ] for all n ≥ 0. By passing to a subsequence we can arrange that s n → s 0 for n → ∞ for some s 0 ∈ [0, γ]. Then c n (s n ) → c(s 0 ) (using Proposition 1.7). By Corollary 4.7 G · K is closed. Thus c(s) ∈ G · K. 
R such that c(t) ∈ K for some t ∈ R, where K is the compact subset from Convention 4.1. Then there are a ∈ A ≤γ and y ∈ Y a such that Φ R (c) = q and c i by h i c i for suitable h i ∈ G we can assume that c i (0) ∈ K γ , where K γ is the compact subset of X from Lemma 4.8. Lemma 1.10 implies thatK γ := {c ∈ FS (X) | c(0) ∈ K γ } is also compact. Thus we can pass to a subsequence and arrange that c i → c ∈ FS (X). Lemma 4.9 yields a contradiction.
(ii) By Lemma 4.9 G·FS a ⊆ FS (X) is closed. Thus K a :=K γ ∩G·FS a is compact. Now we get G·FS a = G·K γ ∩G·FS a = G·(K γ ∩G·FS a ) = G·K a using Lemma 4.8.
(iii) We proceed by contradiction and assume that for every n, there are a n = b n ∈ A ≤γ and c n ∈ FS an , d n ∈ FS bn such that d FS (c n , d n ) < 1/n. Because of (ii) there are h n ∈ G such that a subsequence of h n c n converges to some c ∈ FS (X). After replacing a n by h n a n , b n by h n b n , c n by h n c n , d n by h n d n and after passing to a suitable subsequence we can thus assume that c n → c ∈ FS (X). Then also d n → c. Using Lemma 4.9 for the sequence (c n ) n∈N we can after passing to a subsequence assume that a n = a is constant and that c ∈ FS a . Using Lemma 4.9 for the sequence (d n ) n∈N we can after passing to a further subsequence assume that b n = b is constant and c ∈ FS b . Thus FS b ∩ FS a = ∅. From the definition of A ≤γ it is immediate that this implies a = b, contradicting a n = b n .
R . Then we can find for each natural number n a real number τ n and g n ∈ G satisfying γ + 1 n > τ n > 0 and g n c(t) = c(t + τ n ). In particular, c is a geodesic that is an axis for each g n and l(g n ) = τ n . After passing to a subsequence we can assume that τ n → τ 0 . Thus, d X (g n c(0), c(τ 0 )) → 0. Because of Lemma 4.6 l(g n ) = τ n = τ 0 for infinitely many n. For such an n we have g n ∈ G hyp ≤γ . Now assume additionally that c(t) ∈ K for some t. If a is the equivalence class of such a g n , then c ∈ FS a and Φ R (c) = q −1 a (q a (c)). a (and therefore also the induced action on Y a ) is isometric. Since X is proper by assumption, FS a is proper by assertion (i). Since FS a is isometric to Y a × R, the metric space Y a is proper.
(iv) By Lemma 4.4 G y is virtually cyclic of type I. We proceed by contradiction to show that G a y is discrete. Assume that there are g n ∈ G a , n ∈ N such that g n y = g m y if n = m and g n y → y 0 . Pick c ∈ FS a such that q a (c) = y and τ a (c) = 0. Pick g ∈ a ⊆ G hyp ≤γ such that c is an axis for g. Then gc = Φ l(g) (c), see Lemma 4.3 (iii). Thus τ a (g n gg −1 n (g n c)) = l(g)+τ a (g n c) and (g n gg −1 n )g n y = g n y. By replacing g n by (g n gg
By passing to a subsequence we can arrange that the sequence τ a (g n c) converges. Since q a (g n c) = g n c converges to y 0 , we conclude from (iii) that g n c → d as n → ∞ for some d ∈ FS (X). Now Lemma 4.6 implies that g n c = g m c for infinitely many n, m. This contradicts g n y = g m y for n = m.
In the proofs of the next two results we will denote by π a : Y a → G a \Y a the quotient map. We point out that π a is open, since for any open subset V ⊆ Y a the subset π
Proof. Let K a ⊆ G·FS a be compact such that G·K a = G·FS a , see Lemma 4.10 (ii). Using Lemma 4.10 (iii) we conclude that there is a compact subset 
Since for every y ∈ Y the orbit G a y ⊆ Y a is discrete by Proposition 4.11 (iv), the intersection B 1 (K ′ a ) ∩ G a y and hence also the intersection U ∩ G a y is finite. Hence the composite π a • i : U → G a \Y a is finiteto-one. Its source is a metric as U is a subspace of the metric space Y a . Since G a acts isometrically on Y a and for every y ∈ Y the orbit G a y ⊆ Y a is discrete by Proposition 4.11 (iv), the quotient G a \Y a is also a metric space. Since every metric space is paracompact by Stone's Theorem (see [10, Since Y a is a proper metric space by Lemma 4.11 (ii) it is locally compact and can be written as the countable union of compact subspaces and hence contains a countable dense subset. Hence the open subset U is locally compact and has a countable basis for its topology. Since any compact subset L ⊂ U is a closed subset of X and satisfies dim(L) ≤ dim(X), we conclude dim(U ) ≤ dim(X) from [10, Exercise 9 in Chapter 7.9 on p. 315]. This finishes the proof of Lemma 4.12. 
Proof. Because of Proposition 4.11 (ii) and (iv) for any y ∈ Y a , the open ball of sufficiently small radius is VCyc-neighborhood for y. Pick for each y such a ball Lemma 4.12 it has a refinement W whose dimension is bounded by dim X. The G a -action on Y a is cocompact because it is cocompact on FS a , see Lemma 4.10 (ii). Therefore G a \Y a is compact. Thus we may assume that W is finite. For any W ∈ W pick y W ∈ FS a such that W ⊆ π a (V yW ). Now define
This is an open VCyc-cover because each V y is an open VCyc-set. Its dimension is bounded by dim X, because the dimension of W is bounded by dim X and because for g ∈ G a and y ∈ Y we have either (ii) This is obviously true if U = A, U = ∅, V = ∅ or V = A holds, so we can assume without loss of generality ∅ = U = A and ∅ = V = A in the sequel.
and z ∈ Z(U ∩ V ). Analogously one shows z ∈ Z(U ∩ V ) if v / ∈ U . It remains to treat the case, where u ∈ V and v ∈ V , or, equivalently, where u, v ∈ U ∩ V . We may assume without loss of generality
(iii) If U = ∅ or U = A, this is obvious so that it suffices to treat the case
(iv) This is obvious as H acts by isometries.
generalized geodesic in X (which is a point) intersects (and is therefore contained in) G·K, then there is
Proof. By Lemma 1.10 the evaluation map FS (X) → X defined by c → c(0) is proper. As FS (X) R is closed, this implies that there is a compact subset
there is an open F in-subset V c of FS (X) containing c, because the action of G on FS (X) is proper (see Proposition 1.11). Because K R is compact there is ε R > 0 and a finite subset Λ of K R such that for any c ∈ K R there is λ c ∈ Λ such that B ε R (c) ⊆ V λc . Now set V R := {gV λ | g ∈ G, λ ∈ Λ}. This is a finite dimensional collection, because the gV λ are F in-sets and Λ is finite.
Proof of Theorem 4.2.
Let R ⊆ A ≤γ be a subset that contains exactly one element from each orbit of the G-action. Then R is finite by Lemma 4.10 (i). For each a ∈ R, let V a be a covering of Y a satisfying the assertions from Proposition 4.13.
For b ∈ A ≤γ pick a ∈ R and g ∈ G, such that ga = b and set W b := g(W a ) = {gW | W ∈ W a }. (This does not depend on the choice of g, as q a is G a -equivariant and V a is G a -invariant.) By Lemma 4.10 (iii) there is δ > 0 such that, if we set
We now use Lemma 4.14 to extend the W ∈ W a to open subsets of FS (X) and define the collection U by , FS a is a G a -set . Because the U a are mutually disjoint, each U a is an G a -set as well. By Lemma 4.14 each Z a (W ) ∩ U a with W ∈ W a is an open VCyc-subset of FS (X) with respect to the G-action.
(ii) Each V a is G a -invariant. The union of the W a is G-invariant, because the q a are G a -equivariant. Thus by Lemma 4.14 the collection of all Z a (W ) is G-invariant. The collection of the U a is G-invariant. Therefore U is G-invariant. Since U R is G-invariant this implies that V is G-invariant.
(iii) Each G a \V a is finite by Proposition 4.13 (iii). Therefore G\U is finite. Since G\U R is finite, G\V is finite.
(iv) The U a are mutually disjoint. For each a, dim W a = dim V a . Using Proposition 4.13 (i) and Lemma 4.14 we get therefore
This number is independent of γ and
where ε R is from Lemma 4.15. Hence it remains to show that there is ε U such that for any c ∈ FS
Now suppose that the desired ǫ U does not exists, i.e., there are c n ∈ FS (X) ≤γ − FS (X) R , d n ∈ FS (X) and t n ∈ R for n ≥ 1 such that c n intersects
Choose a n ∈ R with c n ∈ G · FS an . As R is finite, we arrange by passing to a subsequence that there is a ∈ R with a n = a for all n.
Because of Lemma 4.10 (ii) there are g n ∈ G a such that all g n c n are contained in a compact set K a ⊂ G · FS a . After passing to a subsequence and replacing c n by g n c n and d n by g n d n we can assume that c n → c for some
Passing to a further subsequence we can arrange that t n → t 0 for some
The set Φ [−γ,γ] (c) is a compact subset of the open set U . Hence we can find δ > 0 such that
by Lemma 1.3. Since there exists n 1 such that d F S(X) (c n , c) < e −τ · δ for n ≥ n 1 , we get Φ [−γ,γ] (c n ) ⊆ U for n ≥ n 1 , a contradiction. This finishes the proof of Theorem 4.2.
Flow spaces and S-long covers
Summary. In Definitions 5.5 and 5.9 we formulate two conditions for a flow space FS with an action of a group G. The first condition asks for the existence of long covers of uniformly bounded dimension for a subset of FS that contains the periodic orbits of the flow and is large in the sense that its complement is cocompact for the action of G. (In our application later the action of G on FS will be cocompact and we will get the second part of this condition for free; we expect however that this condition can also be verified in situations where the action is not cocompact.) The second condition concerns the dynamic of the flow with respect to a suitable homotopy action. Our main result is Proposition 5.11 which asserts that G is transfer reducible, provided the two conditions are satisfied.
In this section we fix the following convention, compare [ • Φ is G-equivariant;
• the flow is uniformly continuous in the following sense: for α > 0 and ε > 0 there is δ > 0 such that
For a subset I ⊆ R we set Φ I (z) :
where the infimum over the empty set is defined to be ∞. Obviously per 
Definition 5.5. We will say that FS admits long F -covers at infinity and periodic flow lines if the following holds:
There is M > 0 such that for every γ > 0 there is a collection V of of open F -subsets of FS and ε > 0 satisfying: 
Proof. This follows from the techniques used and developed in Sections 2-5 of [2] , but is unfortunately note state in precisely this form. The main input is Proposition 4.1 of [2] . In this reference it is assumed that that G-acts cocompactly on FS , but this is not used in its proof, mainly because the statement concerns only a cocompact part of the flow space. (In [2] cocompactness of the action is used to conclude that the flow space is locally compact; note that we assumed this in Convention 5.1.) Therefore Proposition 4.1 of [2] is valid in the present situation as well. Theorem 5.6 can be deduced from this using the argument given on p.1848 of [2] . (
Proof. Let M 0 be the number M appearing in Definition 5.5 and M 1 be the number M appearing in Theorem 5.6. We set N := M 0 +M 1 +1. Theorem 5.6 also provides a number γ depending on α. We can assume that γ ≥ α. Since FS admits long F -covers at infinity and periodic flow lines we can find a collection V 0 of open F -subsets of FS and ε 0 > 0 such that (i) to (iii) from Definition 5.5 hold. Next we apply Theorem 5.6 and obtain a collection V 1 of open VCyc-subsets of FS and a compact subset K ⊆ FS such that (i) to (iv) from Theorem 5.6 hold. A simple compactness argument, provided in Lemma 5.8 below, shows that there is ε 1 > 0 such that for every z ∈ G · K there is V ∈ V 1 such that 
Proof. Suppose that there is no such ε. Then we can find a sequence (z n ) n≥1 of points in G · K such that B 1/n Φ [−α,α] (z n ) U holds for every n ≥ 1 and every U ∈ V. Because V is G-invariant and Φ is G-equivariant, we can assume without loss of generality that z n ∈ K for all n. After passing to a subsequence we can assume that z n → z as n → ∞.
Because of the uniform continuity of the flow, we can find δ > 0 such that
contradicting the assumption. Definition 5.9. We will say that FS admits contracting transfers if for every finite subset S of G (containing e) there exists β > 0 and N ∈ N such that the following holds:
For every δ > 0 there is (i) T > 0; (ii) a contractible compact controlled N -dominated space X; (iii) a homotopy S-action (ϕ, H) on X; (iv) a G-equivariant map ι : G×X → FS (where we use the left action g · (h, x) = (gh, x) on G×X), such that (5.10) for every (g, x) ∈ G×X, s ∈ S, f ∈ F s (ϕ, H) there is τ ∈ [−β, β] such that ι(g, x) ), Φ T +τ (ι(h, y))) ≤ 2nǫ.
Proof. If (h, y) ∈ S n ϕ,H (g, x), then there are x 0 , . . . , x n ∈ X, a 1 , b 1 , . . . , a n , b n ∈ S, f 1 , f 1 , . . . , f n , f n : X → X, such that x 0 = x, x n = y, f i ∈ F ai (ϕ, H), f i ∈ F bi (ϕ, H), f i (x i−1 ) = f i (x i ) and h = ga Using the triangle inequality we obtain ι(g, x) ), Φ T +σn (ι(h, y))) = d FS (Φ T (ι(g 0 , x 0 )), Φ T +σn (ι(g n , x n )))
Proof of Proposition 5.11 . Let S be a finite subset of G. Let N be the number from Theorem 5.7. Let N and β be the numbers (depending on S) appearing in Definition 5.9. Put α := 2β|S|. By Theorem 5. 7 there is an open F -cover U of FS of dimension at most N and ǫ 0 > 0 with the property that for every z ∈ FS there is U z ∈ U such that B ǫ0 Φ [−α,α] (z) ⊆ U z .
Put ǫ := ǫ0 2|S| . Pick δ > 0 such that (5.2) holds. By assumption (see Definition 5.9), there are T > 0, a contractible compact controlled N -dominated space X, a Gequivariant map ι : G×X → FS and a homotopy S-action (ϕ, H) on X such that (5.10) holds. Using Lemma 5.12 we conclude that for every (g, x) ∈ G×X we have Φ T (ι(h, y)) ∈ B ǫ0 Φ [−α,α] (Φ T (ι(g, x) )) for all (h, y) ∈ S n ϕ,H (g, x), n ≤ |S|. Hence we get Φ T (ι(h, y)) ∈ U ΦT (ι (g,x) ) for all (h, y) ∈ S n ϕ,H (g, x), n ≤ |S|. This implies that V := {(Φ T • ι) −1 (U ) | U ∈ U} is S-long with respect to (ϕ, H). Finally, dim V ≤ dim U ≤ N . Thus G is transfer reducible over F , where we use N := max{ N , N }.
Non-positively curved groups are transfer reducible
In this section we prove our Main Theorem as stated in the introduction. Let G be a group with an isometric cocompact proper action on a finite dimensional CAT(0)-space X. We need to show that G is transfer reducible over the family VCyc of virtually cyclic subgroups, see Definition 0.4. To this end we will show that Proposition 5.11 applies, where F = VCyc. Proof. Since X is proper as metric space, it is locally compact. Since any two points in X can be joint by a unique geodesic, X is connected and locally contractible. Hence X has a countable basis for its topology (see [10, Exercise 2 in Chapter 6.5 on page 261]). Obviously X is Hausdorff. By assumption dim(X) < ∞. We conclude from [10, Exercise 10 in Chapter 7.9 on page 315] that X is homeomorphic to a closed subset A of R N for N = 2 · dim(X) + 1. Now apply [5, Proposition 8.12 in Chapter IV.8 on p. 83]. Proof. Since X is proper as metric space by assumption, the closed ball B R (x 0 ) is compact. The space B R (x 0 ) inherits from X a metric and is contractible.
Because of Lemma 6.1 we can find an open subset U ⊂ R 2·dim(X)+1 and maps i : X → U and r : U → X with r • i = id X . Since U is a smooth manifolds, it can be triangulated and hence is a simplicial complex of dimension (2 · dim(X) + 1). Since B R (x 0 ) is compact, i B R (x 0 ) is compact and hence contained in a finite Thus Proposition 5.11 applies and we conclude that G is transfer reducible over VCyc as claimed in our main Theorem in the introduction. Remark 6.3. Our argument proves a little more than is stated in our main Theorem. Namely, the cover we construct is in addition cofinite for the action of G, i.e., G\U is finite. This follows from Theorem 4.2 (iii) and Theorem 5.6 (iii).
